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GENERAL DESCRIPTION OF WORK 

 

Relevance and degree of study of the topic. The development 

of technology in various leading branches of modern industry, such 

as aircraft construction, mechanical engineering, shipbuilding, as 

well as in the military industry, urgently requires the use of 

composite materials, including layered materials containing layers 

(or components) of piezoelectric materials. In the world scientific 

literature, piezoelectric materials are denoted by PZT.  

Successful applications of these laminates, as well as structural 

elements made of these materials, require a thorough theoretical 

study of their delamination and destruction. The presented 

dissertation work is devoted to the theoretical study of the problems 

of delamination-buckling, as well as the destruction of a three-layer 

PZT + metal + PZT circular plate with interphase circular cracks. 

Typically, thin films or PZT plates are used as sensors or 

actuators to monitor the performance of structural elements such as 

plates and shells made from traditional materials. When these sensors 

and actuators are glued, non-glued zones often appear on the surface 

of the carrier material. Namely, these non-glued zones are the centers 

of local buckling (or loss of stability) of the PZT layers under the 

action of the corresponding electromechanical compressive forces. 

Consequently, appropriate theoretical research is needed to control 

and prevent the noted local buckling. However, until recently, such 

studies were completely absent, despite the fact that the problems of 

stability of plates and rods made of PZT materials attracted the 

attention of researchers. These researchers found that the 

piezoelectricity of the material of the plates and rods increases the 

values of the corresponding compressive critical forces. There are 

also a number of other studies related to the dynamics, statics and 

stability of systems consisting of PZT and elastic components. 

All studies performed for circular cracks in piezoelectric 

materials were performed under two assumptions: 

 the layers containing the crack are infinite in the radial 

direction; 



 types and levels of external electro-mechanical loading allow 

the use of the classical linear theory of electro-elasticity for 

piezoelectric materials in the study of relevant problems. 

It is known that the classical linear theory of electro-elasticity 

for piezoelectric materials cannot take into account the influence of 

external forces acting in a direction parallel to the plane on which the 

crack is located on the values of the stress intensity factor (SIF) and 

energy release rate (ERR) at the crack front. We note that the 

corresponding approach, which allows one to take into account the 

influence of the above forces on the values of the SIF and ERR for 

purely elastic materials, was investigated within the framework of 

certain distinctions. 

 It should be noted that this approach is based on the 

linearization of geometrically nonlinear equations. In linearization, 

the stress state caused by external forces and acting in a direction 

parallel to the plane on which the cracks are located is taken as the 

initial stresses, and the stress state caused by the forces acting on the 

crack surface is taken as an additional stress state. The above 

linearization is carried out with respect to the values of this 

additional state. For the validity of the noted linearization, it is 

assumed that the values of the forces causing the initial state are 

significantly greater than the values of the forces causing the 

additional stress state. As a result of the described linearization, a so-

called three-dimensional linearized equation is obtained, which has 

coefficients that contain a force acting in a direction parallel to the 

plane on which the crack is located. With the help of these 

coefficients, it becomes possible to take into account the influence of 

external forces acting in a direction parallel to the plane of the 

location of the cracks on the magnitude of the recovery factor and 

ERR at the fronts of the cracks.  

Despite many studies in this area, there are still no studies on 

the effect of initial stresses in the above sense on the SIF and ERR at 

the front of a circular crack in a piezoelectric material or on the 

interface plane between piezoelectric and elastic materials.  

In the dissertation work, questions related to the problems of 

destruction are investigated, i.e. to the problems of interfacial 



circular cracks in a three-layer "PZT + elastic + PZT" circular plate. 

Namely, a problem is considered for determining the electro-

mechanical energies of the specified plate with interfacial circular 

cracks, and also, a problem is considered for determining the rate of 

energy release (i.e. ERR-Energy Rebeate Rate: Energy Release Rate 

(ERR)) at the crack front.  

Object and subject of research. In the presented dissertation 

work, the ERR is investigated at the front of circular interfacial 

cracks located in a three-layer "PZT + elastic + PZT" circular plate. 

Here, in addition, the influence of the radial compressive or tensile 

initial stress on the value of the ERR is investigated.  

The purpose and objectives of the study. The purpose of the 

thesis is to determine the electro-mechanical energies of a three-layer 

"PZT + elastic + PZT" circular plate with interfacial circular cracks, 

as well as to determine the rate of energy release at the crack front. 

 In the dissertation work, two types of problems are considered 

for a three-layer "PZT + elastic + PZT" circular plate with interphase 

circular cracks using geometrically nonlinear equations of the theory 

of electro-elasticity for piezoelectric materials in the framework of a 

piecewise-homogeneous body model. These tasks are as follows: 

 research on delamination-buckling of face PZT layers in the 

vicinity of interfacial cracks and study of the effect of mutual 

influence of electric and mechanical fields on the value of the 

corresponding critical parameters;  

 investigation of ERR at the front of an interphase crack and 

determination of the influence of the initial stress, as well as 

determination of the effect of mutual influence of electric and 

mechanical fields on the value of the SIF and ERR.  

Research method. The finite element method (FEM), which is 

widely used in solving fundamental problems of the theory of 

elasticity, is used to solve the problems posed.  

The main provisions for the defense.  

a) statement of the problem, development and application of 

the numerical finite element method (FEM) for solving the 

corresponding boundary value problems;  



b) development of criteria for determining critical parameters 

related to local buckling of the face layers in the vicinity of circular 

cracks;  

c) development of algorithms for determining the influence of 

initial stresses on the value of ERR at the front of interphase circular 

cracks in the case of mode I;  

d) carrying out specific numerical studies on the influence of 

the parameters of the problem on the value of critical efforts, as well 

as on the value of the ERR;  

e) analysis of the obtained numerical results and identification 

of new effects emanating from the mutual influence of electric and 

mechanical fields, as well as from the anisotropy of the piezoelectric 

face layers. 

Scientific novelty of the research. Scientific novelty and 

significance of the results of the work are:  

 in the formulation of problems on the study of local 

stratification-buckling of the face layers in the vicinity of 

interphase circular cracks, as well as the ERR at the front of 

these cracks for mode I;  

 in the development of FEM for the numerical solution of the 

corresponding boundary value problems of the theory of 

electro-elasticity for piezoelectric materials; 

 in the implementation of FEM in a software package for 

obtaining numerical results;  

 in the establishment of some electromechanical effects 

associated with the electromechanical properties of 

piezoelectric materials, with boundary conditions related to the 

magnitude of the electric field, with the geometric parameters 

of the problems. 

All the considered problems of a three-layer 

"PZT+elastic+PZT" circular plate with two interphase circular cracks 

were solved for the first time within the framework of a piecewise-

homogeneous body model using exact three-dimensional 

geometrically nonlinear equations of the theory of electro-elasticity 

for piezoelectric materials in the case of axisymmetric deformation.  



The reliability of the results and conclusions obtained is 

confirmed by:  

 the use of precise three-dimensional geometrically nonlinear 

equations of the theory of electro-elasticity for piezoelectric 

materials with the use of a piecewise-homogeneous model in the 

formulation of the problem and the formulation of problems;  

 the correctness of the formulation of problems, the accuracy of 

the variational formulations of these problems when using the 

FEM; 

 the consistency of the numerical results obtained with each 

other, physical considerations, a fairly good agreement with the 

known results of other authors in particular cases.  

The theoretical and practical significance of the study. 
Investigations based on a model of a piecewise homogeneous body 

using exact three-dimensional geometrically nonlinear equations of 

the theory of electro-elasticity for piezoelectric materials, solving a 

number of problems for delamination-buckling, as well as for the 

destruction of a three-layer "PZT + elastic + PZT" circular plate with 

two interphase circular cracks are the theoretical relevance of the 

thesis. The results obtained in this work can be applied in structures 

in which piezoelectric materials with interfacial circular cracks are 

used.  

Approbation and application of the work. The main 

provisions of the dissertation work were regularly reported at the 

seminars of the Department of General Technical Subjects of the 

Faculty of Physics and Technical Subjects of Ganja State University, 

as well as at the following scientific conferences: Turkish Physical 

Society, 32nd International Physics Congress (06-09 Sep. 2016, 

Bodrum, Turkey), Actual problems of modern natural and economic 

sciences. International Scientific Conference, (04-05 May 2018, 

Ganja).  

Personal contribution of the author. In the works (articles), 

written in co-authorship with S.D. Akbarov and N. Yakhnioglu, the 

author solved the set problems using the finite element method, and 

discussed the results. In works written in collaboration with O. G. 



Rzayev, the author is responsible for setting the problem, obtaining 

numerical results and analyzing them.  

Author's publications. The main results of the dissertation 

were published in 9 papers, including 6 articles, 3 abstracts, and they 

are listed at the end of the abstract.  

The name of the institution where the work was done. The 

dissertation work was carried out in the department of "General 

technical subjects" of the Faculty of Physics and Technical Subjects 

of Ganja State University.  

The total volume of the thesis with an indication of the 

volume of the structural units of the thesis separately. The total 

volume of the thesis is 200087 characters (title page - 432 characters, 

content - 2666 characters, introduction - 26332 characters, first 

chapter - 48000 characters, second chapter - 72000 characters, third 

chapter - 46000 characters, conclusion - 4657 characters). The 

dissertation work contains a list of used literature 71 titles, 21 figures 

and 16 tables.  

The work consists of an introduction, three chapters, a 

conclusion and a list of used literature. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



CONTENT OF THE DISSERTATION 

 

The introduction defines the purpose and relevance of the 

dissertation work, gives a brief overview of works on the topic of the 

problems under consideration.  

The first chapter is devoted to some basic relations of the 

geometrically nonlinear theory of electro-elasticity in arbitrary 

curvilinear coordinates at small deformations. By small deformations 

we mean a version of the theory, when the elongations and shears are 

small values in comparison with unity and they can be neglected. In 

addition, according to this provision, we will not take into account 

the change in elongations, areas and volumes when writing the 

equilibrium equation and boundary conditions in forces and in 

electrical displacements. However, when writing the equilibrium 

equations and boundary conditions in forces and in electrical 

displacements, we will take into account changes in the orientations 

(directions) of elementary material fibers due to deformations. At the 

same time, we will not impose any restrictions on the angles of 

rotation of material fibers. All considered relationships will be 

rewritten in cylindrical coordinates. Moreover, the first five 

paragraphs do not mention the presence of an electric field, although 

the relations and equations given in these paragraphs remain valid for 

the theory of electro-elasticity for piezoelectric materials.  

Section 1.6 provides some necessary information on the 

equations of electric field theory and on the relationships between 

mechanical and electric fields related to piezoelectric materials. If we 

connect the ends of a rod made of piezoelectric material into a 

voltmeter and begin to squeeze this rod, then the voltmeter needle 

will move from the zero point and will show a certain voltage, which 

corresponds to the electric field bridged due to mechanical 

compression of the piezoelectric rod. In addition, if we load the ends 

of a piezoelectric rod with electric charges, then a certain mechanical 

movement will appear (reverse piezoelectric effect).  

Note that piezoelectric materials are mainly divided into two 

groups: polymer piezoelectrics and ceramic piezoelectrics. Ceramic 

piezoelectrics are brittle materials and deformations in them are 



elastic, almost until the moment of destruction. However, polymer 

piezoelectrics have viscoelastic properties.  

One of the main properties of piezoelectric materials is their 

anisotropy. In other words, the mechanical and electrical properties 

of these materials depend on direction. Instead, piezoelectric 

materials have continuous dipoles and can be taken as ionized 

crystals that do not have central symmetry.  

Currently, piezoelectric materials used in technology and 

industry are made from a mixture of "Lead + Zirconium (zirkonium) 

+ titanium (titanium)". Since "lead" is spelled "Plumbo" in Greek, 

such piezoelectric materials are called PZT, i.e. with the first letters 

of the name of the materials included in the mixture. PZT materials 

differ from each other in the amount of zirconium and titanium in the 

composition of the mixture and are renamed as PZT-2, PZT-4, PZT-

5, etc.  

In addition to these, crystals that do not have central symmetry 

in the crystal lattice are used to reveal piezoelectric effects, since 

Barium Titanat (BaTiO3), Kuartz (SiO2), Cinko Oksid (ZnO) and 

others.  

The second chapter is devoted to the study of delamination – 

buckling near interlayer circular cracks of a three-layer PZT + 

METAL + PZT circular plate. Here the axisymmetric case is 

investigated and it is assumed that the plate is compressed in the 

radial direction by uniformly distributed normal forces acting on the 

lateral surface of the plate-disk. The statement of the problem is 

written in the framework of the model of a piecewise homogeneous 

body with the use of geometrically nonlinear equations of the theory 

of electroelasticity for piezoelectric materials. The formulated 

problems are solved using the boundary shape perturbation method, 

with the help of which the nonlinear problem is reduced to the 

corresponding linearized problems. Moreover, these linearized 

problems are solved numerically using the Finite Element Method 

(FEM). Numerical results are analyzed on the critical values of the 

compressive forces for various types of PZT and metals from elastic 

materials and for various values of geometric parameters 



characterizing the ratio of the crack radius to the radius of a circular 

disk, etc. 

Section 2.1 gives the problem statement. Consider a three-layer 

circular disc with the geometry shown in Fig. 1.a and for generality, 

we assume that the material of all layers of the disk (or plate) are 

piezoelectric. In addition, we assume that the materials of the face 

layers of the plates are the same and there are circular cracks between 

the middle and face layers, the location of which is shown in Fig. 1.b. 

We connect the cylindrical coordinate system zOr  with the 

lower face planes of the plate (Fig. 1) and determine the position of 

the points of this plate through the Lagrangian coordinates in this 

coordinate system. Thus, according to Fig. 1, the plate occupies the 

 hzlr  0;20,2/0   area and the circular cracks are 

located in the  2/0,0 0lrhz F   and 

 2/0,0 0lrhhz Fc   intervals, where l  is the disk 

diameter, h  is the disk thickness, 0l  is the diameter of the 

circular crack, Fh  is the thickness of the face layer, and the ch  is 

the thickness of the middle layer.  

In addition, let us assume that in the natural state of the crack 

surface there is a very slight and axisymmetric initial imperfection 

(or buckling). In fig. 1b, the upper and lower surfaces of the upper 

fracture are indicated through 

uS  and 


uS , and the same surfaces for 

the lower fracture are indicated through 
LS  and 

LS  respectively.  

The equation of these surfaces can be written as follows: 

)(rfhz F     для 
LS ,     

)(rfhhz Fc     для 

uS ,                                   (1) 

where    10   is a dimensionless small parameter that 

characterizes the degree of initial imperfection of fracture surfaces, 

)(rf  is a function that characterizes the shape of the initial 

imperfection.  

Let us assume that the considered three-layer plate is 

compressed along the lateral surface of this plate with uniformly 

distributed radial normal forces with the intensity P . Let us try to 



study the development of the above initial imperfection of the crack 

surfaces with an increase in the P  value, and this study is carried out 

using the geometrically nonlinear equations of the theory of electro-

elasticity for piezoelectricc materials.  

 

 

 
 

Pic. 1. Geometry of plates and interfacial cracks. 

 

 

So, let us write this equation and, at the same time, with 

superscripts (3) and (1) we denote the quantities related to the upper 

and lower layers, respectively, and the superscript (2) denotes the 

quantities related to the middle layer. Note that since it is assumed 

that the geometry of the plate and the initial imperfection of the crack 

surfaces, as well as the distribution of external forces have symmetry 



about the Oz  axis, therefore, all subsequent research will be carried 

out for this axisymmetric case.  

Thus, we write down the complete system of equations of the 

theory of electro-elasticity for piezoelectric materials in a 

geometrically nonlinear formulation in the axisymmetric case. 

 Equilibrium equation:  
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Electromechanical relationships for piezoelectric materials: 
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Relationship between deformations and displacements: 
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It should be noted that when obtaining the corresponding 

equations of the classically linear theory of electro-elasticity for 

piezoelectric materials, the following two assumptions are taken into 

account: (I) the difference between the areas of elementary surfaces 

before and after deformations, as well as between the volume of 

elementary elements before and after deformations ; (II) the rotation 

of "materialized" basis vectors due to deformation is not taken into 

account. However, when deriving equations (2) - (5), it is assumed 

that the deformations are so small that (I) the assumption remains 

valid, however, the (II) assumption is abandoned. In other words, 

when writing equations (2) - (5), the difference between the 

directions of the "materialized" basis vectors before and after 



deformations is taken into account and the rejection of (II) 

assumptions means taking into account the rotations of the basis 

vectors caused by deformation when determining mechanical 

stresses, electrical displacements and recording the equations of 

fields, as well as when recording the boundary conditions with 

respect to the efforts.  

Then the boundary and contact conditions are formulated. In 

this case, with respect to the surfaces of the cracks, we can write the 

following boundary conditions:   
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Note that conditions (6) are satisfied for 2/0 0lr   

however, for 2/2/
0

lrl   the following contact conditions hold: 
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Section 2.2. a method for solving the problem is presented, 

while the solution includes several stages of mathematical 

procedures. First, the required values are presented in the form of a 

series in a small parameter and the equations for each approximation 

are obtained, the values of the zero approximation and the values 

related to the first approximation are determined.  



To solve the problem formulated in the previous section, we 

apply the method developed in the monograph
1
 for purely elastic and 

viscoelastic materials. According to this method, all the sought 

values are represented as a series in the small parameter  , which is 

included in equation (1) and characterizes the degree of imperfection 

of the fracture surfaces:  

 

 nknk
r

nk
r

nk
rr

n

n

kk
r

k
r

k
rr

Du

Du

),(),(),(),(

0

)()()()(

,,,,,,

,,,,,,


















                       (8) 

Obtaining an expression for the 
rn  and 

zn  components of the 

normal vector to the fracture surface, represented by the equation in 

(1) and presenting the same expressions as a series in the small   

parameter, then substituting (8) into the nonlinear equation and the 

ratio given in the previous paragraph, producing cumbersome 

mathematical transformations and developments, we obtain the 

corresponding equation and ratio for each approximation in (8) 

separately. Here, we write these equations and relations only for the 

zero and first approximations when writing the equations related to 

the zero approximation, we neglect the nonlinearity in them. So we 

write these equations and relations for the zero approximation: 

Equilibrium equations:   
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Relationship between deformations and mechanical 

movements:   
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Boundary conditions on crack surfaces:   
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Contact conditions between layers of plates:   
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Then the boundary conditions are given on the front planes of 

the face layers, the boundary conditions on the cylindrical lateral 

surface, the boundary conditions on the surface of the cracks with 

respect to the electric displacement or with respect to the electric 

potential, the contact conditions for the electric displacement and the 

electric potential, the boundary conditions for the face planes of the 

face layers for electric displacement or for electric potential, 

boundary conditions on the cylindrical lateral surface for electric 

displacement and for electric potential.  

Now let's consider the equation and the relation related to the 

first approximation. Note that in obtaining these equations and 

relations it is assumed that 00),(0),(  k
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Thus, we obtain the following equations and relations for the 

first approximation:  

equilibrium equation:    
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Relationship between deformations and mechanical 

movements:   
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Again, the corresponding boundary and contact conditions are 

presented.  



It is also necessary to add the electro-mechanical ratios 

obtained for each approximation. Let us write these relations for the 

zero approximation:   
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Similarly, you can also write down the electro-mechanical 

relationship for the first approximation.  

To determine the critical parameters that determine the 

delamination-buckling of a circular three-layer disc with two 

interfacial circular cracks, it is sufficient to use only the zero and first 

approximations
2
.  

Section 2.3 gives some essential information about the finite 

element method.  

Section 2.4 provides numerical results and their analyzes. Here 

the shapes of the initial imperfection of the crack surfaces are 

selected, the criterion of local buckling, the choice of the layer 

material and the testing of the calculation algorithm are explained. In 

the second chapter of the dissertation, many numerical results are 

presented in the form of tables, from which more specific 

conclusions can be drawn for more specific cases. 

In the third chapter, a three-layer PZT+Elastic+PZT circular 

plate with interlayer circular cracks is considered and, unlike the 
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previous chapter, where the crack surfaces do not have any initial 

imperfections and these surfaces coincide above the interlayer 

planes. In addition, it is assumed that at first the plate is loaded with 

uniformly distributed radial normal forces acting on the cylindrical 

lateral surface and the stress state caused by these loads is called the 

initial stress. Then, we assume that the crack surfaces are loaded with 

normal opening forces, resulting in a stress concentration at the crack 

front, and the Energy Release Rate (ERR) and the Total Electro-

Mechanical Energy of the plate under consideration are studied. In 

this case, the study is carried out using the three-dimensional 

linearized theory of electroelasticity, which makes it possible to take 

into account the presence of initial stresses on the value of the ERR. 

 Section 3.1 first sets out the formulation of the problem for 

determining the initial state (the first stage), and then the formulation 

of the problem related to the second stage. It is assumed that in the 

first stage, the electromechanical state in the considered plate can be 

determined within the framework of the linear theory of electro-

elasticity for piezoelectric materials for the front layers and within 

the framework of the linear theory of elasticity for the middle layer. 

The main point of the formulation of the problem related to the 

second stage are as follows. To increase the influence of the initial 

electro-mechanical state on the values manifested at the second 

stage, it is necessary to abandon the linear theory of electro-elasticity 

for piezoelectric materials. Note that taking this effect into account 

can be taken into account (within the framework of certain 

assumptions) within the framework of the linearized theory of 

electro-elasticity for piezoelectric materials. Based on this position, 

we will formulate the problem statement related to the second stage 

within the framework of the indicated linearized theories and thereby 

provide the possibility of taking into account the influence of the 

initial state on the value of the sought values manifested by 

additional loading acting on the surface of the cracks.  

Section 3.2 defines the quantities relating to the initial (to the 

first) and to the perturbed (i.e., to the second stage) state separately. 



According to the Saint-Venant principle, we can assume that at 

)2/(0 hlr   in the initial state, the stress in the plate is 

determined by the following expressions:  
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According to the boundary condition with respect to electrical 

displacement, we can assume that    

.3,1,00)(0)(  kDD k
r

k
z                                     (18) 

Using (18) and electromechanical relations in the previous 

section, we obtain: 
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Taking into account the ,00)( j
zz  equalities, we can write: 

    ,0)()(0)( j
rr

j
zr

j
zz sas        

,3,1,
)(

1
)(

33
)(

1
)(

13
)(

33

)(
1

)(
33

)(
1

)(
13

)(
32

)(
13)( 




 k

cebec

deaecc
a

kkkkk

kkkkkk
k

zr  

.
2

2
)2()2(

)2(
)2(






zra                                             (21) 

Taking into account (21) we get:   
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Taking into account that  
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Thus, from (22) and (23) we determine the following 

expression:    
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So, the quantities related to the initial state are determined 

through expressions (17)-(24). Recall that these expressions are valid 

for )2/(0 hlr   and are obtained when the materials of the face 

layers are the same.  

Boundary contact problems related to the second stage cannot 

be solved analytically and therefore we use FEM to solve these 

problems. To use the FEM to solve a boundary value problem, we 

introduce the following functional
34

: 
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Note that functional (25), with obvious changes, coincides with 

the functional given in the previous chapter. Therefore, the 

operations performed on functional (25) for FEM modeling coincides 

with the corresponding operations described in the previous chapter. 

Due to this provision, the presentation of these operations is not 

considered here.  

Thus, determining the value of mechanical displacements and 

electrical potential at the nodal points, we determine the value of 

displacements and electrical potential within each finite element. 

Further, after determining the displacements and potential, using the 

relationship (2), (3) and (4), we determine all the required values 

within each finite element and within the entire plate.  

Having at hand the values of the stress-strain state in the plate 

and using the formula
56
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define the ERR (i.e.  ) at the front of the circular crack, where the 

U  value is calculated from the following integral: 

 
 






















3

1

)(
)(

)(
)(

)(
)(

)(
)(

)(

2
2

1

k

k
rk

zr

k
zk

rz

k
rk

k
rk

rr

k
z

u
t

r

u
t

r

u
t

r

u
tU   

 












)1(

)1()1()1()1(
)(

)( 2
2

1
rdrdzDEDErdrdz

z

u
t zzrr

k
zk

zz   

 



)3(

.2
2

1 )3()3()3()3( rdrdzDEDE zzrr                            (28) 

Note that bl /0  in (27) is the radius of a circular crack.  

Section 3.3 provides numerical results and analyzes of these 

results. In these studies, the face layer materials will be selected from 

4PZT , HPZT 5  and ,3BaTiO  and the middle layer materials 

will be selected from Al  (aluminum) and St  (steel).  

In this section, we will present and analyze the numerical 

results related to the electromechanical energy U  and the energy 

release rate (ERR)   at the front of a circular crack. To determine 

the effect of mutual influence of mechanical and electric fields on 

these numerical results, we will consider the following two cases 

(tables 1 and 2):  

case 1   

,0)3()1(  ijij ee    ,0)3()1(  ijij                                (29) 

case 2   

,0)3()1(  ijij ee    .0)3()1(  ijij                                (30) 

Note that the numerical results related to case 1 show the value 

of purely mechanical energy and ERR. However, the numerical 

results related to case 2 show the value of energy and ERR with full 

consideration of the mutual influence between mechanical and 

electric fields.  

In clause 3.3.1 tests of finite element modeling and PC 

programs are analyzed.  

In clause 3.3.2 presents the numerical results related to 

energies and ERR and analyzes them. First, we consider the case 



when there is no initial stress in the plate, i.e. consider the case where 

0q . In this case, consider case 2 (30) and distinguish the following 

energies:  

 total electro-mechanical energy;  

 purely mechanical energy, here it is assumed that ,0)3()1(  ijij ee  

;0)3()1(  ijij    

 energy of mutual influence;  

 pure electrical energy.  

Numerical results illustrating the effect of the crack radius on 

the above energies shown in HPZTAlHPZT 55   and 

HPZTStHPZT 55   plates are shown in the form of graphs. 

Note that when obtaining these results, it was assumed that 

05
44  HPZTCq  (i.e., there are no initial stresses in the plate) and 

025.0/ lhF . 

 

 

Table 1. Convergence of numerical results depending on the number 

of finite elements in the radial direction in the case when 

05.0/,5.0/0  lhll F  and ;1.0/ lhC  number of finite  

elements in the direction axis Oz  is 12 and is considered   

HPZTAlHPZT 55   plate.    

 

Number of 

finite elements 

in the radial 

direction 

Number of 

free variations 
 lci HPZT 5

44
  

Case 1 Case 2 

40 5039 5.17384 3,74138 

60 7559 5.25945 3.80980 

80 10079 5.31453 3.85354 

100 12599 5.35750 3.88634 

120 15119 5.39413 3.91292 

140 17639 5.42579 3.93496 



160 20159 5.45335 3.95347 

200 25199 5.49826 3.98258 

300 37799 5.56864 4.02635 

400 50399 5.60464 4.04842 

500 62999 5.62642 4.06177 

 

 

Table 2. Convergence of numerical results depending on the number 

of finite elements in the direction of the Oz  axis in the case when 

,5.0/0 ll   ,05.0/ lhF  ,1.0/ lhF  number of endpoints elements 

in the direction is 100 and seen HPZTAlHPZT 55   plate.  

  

Number of 

finite elements 

in the Oz  

direction 

Number of 

free variations   
 lc HPZT 5

44
  

Case 1 Case 2 

12 12599 5.35750 3.88634 

18 18599 5.33552 3.86970 

20 20599 5.33017 3.86545 

24 24599 5.32377 3.85928 

28 28599 5.32045 3.85535 

30 39599 5.31515 3.85174 

40 40599 5.30807 3.84444 
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CONCLUSION 

 

In this dissertation work, two types of axisymmetric problems 

are considered and investigated. The first of them is the problem of 

local buckling of a three-layer PZT+Elastic+PZT plate with 

interlayer circular cracks, the second is the problem of fracture (i.e., 

studying the ERR) of the specified plate, also with interlayer circular 

cracks. These problems are solved using the three-dimensional 

linearized theory of electro-elasticity for piezoelectric materials. The 

corresponding boundary value problems are solved numerically 

using the FEM.  

When solving the first problem, the sought values are 

represented as a series in a small parameter, which characterize the 

degree of the initial imperfection of the crack surfaces. Using the 

appropriate mathematical calculations, the corresponding closed 

system of equations and boundary conditions for each approximation 

are obtained separately from the corresponding equations and 

relations of the geometrically nonlinear theory of electro-elasticity 

for piezoelectric materials. It is established that the equations and 

relations obtained for the first and subsequent approximations 

coincide with the corresponding equations and relations with the 

three-dimensional linearized theory of stability for piezoelectric 

materials. The determination of the critical values of the compressive 

force is carried out within the framework of only the zero and first 

approximations using the criterion of the initial imperfection. 

Specific numerical results are obtained for 

HPZTAlHPZT 55  , 44  PZTAlPZT , 33 BaTiOAlBaTiO , 

HPZTStHPZT 55  , 44  PZTStPZT  and 

33 BaTiOStBaTiO
 

 plates. These results are simultaneously 

presented as dimensionless radial normal stress 
)1(

cr  acting in the 

face piezoelectric layer, as 
)2(

cr  dimensionnless radial normal stress 

in the middle elastic layer, and as crP  dimensionless intensity of 

external uniformly distributed compressive normal forces acting on 



the lateral cylindrical surface of the plates. According to these 

results, the following specific conclusions can be drawn: 

 the value of )1(
cr , )2(

cr  and crP  decreases with decreasing 

thickness of the face layers and with increasing radius of circular 

cracks;  

 in all considered cases, the piezoelectricity of the face layers 

leads to an increase in the )1(
cr  values, and with an increase in 

the thickness of the face layers, this increase becomes more 

significant;  

 the nature of the influence of the piezoelectricity of the materials 

of the face layers according to the 
)2(

cr  and crP  values depends 

on the electro-mechanical and geometric properties of the layers 

of the plates: as a rule, for a relatively thin (thick) face layer and 

for a relatively long (short) crack, the piezoelectricity of the face 

layers leads to a decrease (to increase) of 
)2(

cr  and crP  values.  

However, the values of the indicated "increases" and 

"decreases" are significantly less than the corresponding "increases" 

or "decreases" obtained for )1(
cr :  

 the 
)1(

cr , 
)2(

cr  and crP  values obtained for wafers with an St  

core material (steel) greater than their corresponding values 

obtained for wafers with an Al  core material (aluminum);  

 a more sensitive critical parameter for determining the effect of 

piezoelectricity on local buckling of the face layer near the 

interlayer crack is 
)1(

cr .  

When solving the second problem, it is assumed that a circular 

three-layer plate having interlayer circular cracks is first compressed 

by uniformly distributed normal forces in the radial direction and this 

force acts on the cylindrical side surface of the plate. The stress state 

in the plate caused by these forces is called the initial stress. After 

that, it is assumed that uniformly distributed normal "opening" forces 

are applied on the surface of the cracks, and it is required to 

determine the ERR and the energy caused by these forces, taking into 



account the influence of the initial stresses on the magnitude caused 

by these forces as well.  

The study is carried out using the three-dimensional linearized 

theory of electro-elasticity for piezoelectric materials and specific 

numerical results are obtained using the FEM for 

HPZTAlHPZT 55  , 44  PZTAlPZT , 33 BaTiOAlBaTiO , 

33 BaTiOAlBaTiO  plates. Based on these results, the following 

specific conclusions can be drawn:  

 piezoelectricity of the material of the face layers leads to a 

decrease in the value of the total electromechanical energy and 

the magnitude of this decrease increases with an increase in ll /0  

and with a decrease in lhF / , where 2/0l  ( 2/l ) is the radius of 

a circular crack (radius of a circular plate), Fh  is the thickness of 

the face layer. Consequently, the ll /0  and lhF /  parameters 

characterize not only the dimensions of the circular crack and the 

thickness of the face layer, but also the dimensions of the entire 

circular plate;  

 initial compression (tension) of the plate in the radial direction 

leads to an increase (decrease) in the values of the ERR; in the 

case of initial compression, the value of the ERR increases 

indefinitely as the compressive force approaches the 

corresponding critical forces; 

 piezoelectricity of the material of the face layers leads to a 

decrease in the values of the ERR; 

 ERR values increase (decrease) with an increase in ll /0  (with 

an increase in lhF / );  

 the value of ERR depends not only on the electromechanical 

properties of the materials of the front layers, but also on the 

mechanical properties of the material of the middle layer;  

 the numerical results obtained for the second problem in a 

qualitative and quantitative sense agree with the results obtained 

earlier in research works.    
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